Excitable Systems {#Sec1}
=================

Most neurons are excitable, i.e. they are typically silent but can fire an action potential or produce a firing pattern in response to certain forms of stimulation. The fact that equivalent stimulation can elicit qualitative different spiking patterns in different neurons demonstrates that intrinsic coding properties differ significantly from one neuron to the next.

A first answer to the question of the neuron's computational properties was given by Hodgkin \[[@CR1]\] in the 1940s, who identified three basic types (classes) of excitable axons distinguished by their different responses to injected steps of currents of various amplitudes. *Type I (class I)* axons are able to *integrate* the input strength of an injected current step, i.e. the corresponding *frequency--current (f--I) curve* is continuous (see Fig. [1](#Fig1){ref-type="fig"}). *Type II (class II)* axons have a discontinuous f--I curve because of their inability to maintain spiking below a certain frequency. The frequency band of a type II neuron is very limited and, hence the frequency is relatively insensitive to the strength of the injected current. It appears that type II neurons *resonate* with a preferred frequency input. *Type III (class III)* axons will only fire a single or a few action potentials at the onset of the injected current step, but are not able to fire repetitive action potentials like type I and type II neurons. Type III neurons are able to *differentiate*, i.e. they are able to encode the occurrence of a 'change' in the stimulus. Such *phasic* firing (versus *tonic* or repetitive firing) identifies these type III neurons as *slope detectors* \[[@CR2]\]. Obviously, the f--I curve is not defined for type III neurons. Fig. 1Bifurcation diagrams of the canonical model ([1](#Equ1){ref-type=""}) together with 'frequency--current' (f--I) plots: (*Type I*) $\documentclass[12pt]{minimal}
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                \begin{document}$I=I_{\mathrm{bif}}=0$\end{document}$; the subsequent canard explosion is clearly visible; note the small frequency band for the relaxation oscillation branch

Starting in the 1980s, Rinzel and Ermentrout \[[@CR3], [@CR4]\] pioneered a mathematical framework based on bifurcation theory that distinguishes type I and type II neural models. Recall, type I and type II neurons are able to fire trains of action potentials (tonic firing) if depolarised sufficiently strong which distinguishes them from type III neurons. This distinction points to a bifurcation in type I and type II neurons where the cell changes from an excitable to an oscillatory state. The main bifurcation parameter is given by *I*, the magnitude of the current step protocol, and leads to the following classical definition of excitability via bifurcation analysis under the variation of the applied current *I* \[[@CR4]\]: Type I: The stable equilibrium (resting state) disappears via a *saddle-node on invariant circle (SNIC)* bifurcation.Type II: The stable equilibrium (resting state) loses stability via an *Andronov--Hopf bifurcation (HB)*, either sub- or supercritical. Note that there is no bifurcation occurring in type III models, i.e. the equilibrium (resting state) remains stable. For a possible biophysical interpretation of these three distinct excitability types we refer to, e.g., \[[@CR5], [@CR6]\].

A canonical model that captures the main features of neural excitability is given by $$\documentclass[12pt]{minimal}
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Remark 1 {#FPar1}
--------

In the canonical model ([1](#Equ1){ref-type=""}), the nonlinear nature of $\documentclass[12pt]{minimal}
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                \begin{document}$G(v)$\end{document}$ is essential to guarantee relaxation type behaviour as observed in type I neurons which distinguishes this polynomial model from the classic FitzHugh--Nagumo model \[[@CR7], [@CR8]\] which can only produce type II (and type III) behaviour. In more biophysically inspired two-dimensional systems, the Morris--Lecar model \[[@CR9]\] presents a prime example which is able to produce all three excitability types; see also \[[@CR4]--[@CR6], [@CR10]\].

Slow--Fast Excitable Systems {#Sec2}
----------------------------

An important feature of most neural systems is that they evolve on *multiple time scales*; see, e.g., \[[@CR11]\]. It is the interplay of the dynamics on different temporal scales that creates complicated rhythms. Multiple (or slow--fast) time-scale problems are usually modelled by *singularly perturbed systems* such as ([1](#Equ1){ref-type=""}) where the time-scale separation of the 'fast' variable *v* (voltage) and the 'slow' variable *w* (recovery variable) is explicitly identified through the singular perturbation parameter $\documentclass[12pt]{minimal}
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We want to emphasise this inherent slow--fast time-scale structure found in many neuronal models and use geometric singular perturbation theory (GSPT) \[[@CR12], [@CR13]\] as a mathematical framework. In this approach, we focus on a class of two-dimensional singularly perturbed models given by $$\documentclass[12pt]{minimal}
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By switching from the fast time scale *t* to the slow time scale $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ S := \bigl\{ (w, v) \in \mathbf{R}\times \mathbf{R}\vert f(w, v, 0,I) = 0 \bigr\} $$\end{document}$$ is the set of equilibria of ([5](#Equ5){ref-type=""}). In general, this set *S* defines a differentiable manifold referred to as the *critical manifold*, and it forms the phase space of the reduced problem ([6](#Equ6){ref-type=""}). GSPT \[[@CR12]--[@CR15]\] uses these lower one-dimensional sub-systems ([5](#Equ5){ref-type=""}) and ([6](#Equ6){ref-type=""}) to predict the dynamics of the full two-dimensional system ([3](#Equ3){ref-type=""}) or ([4](#Equ4){ref-type=""}) for $\documentclass[12pt]{minimal}
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While this GSPT approach to explain relaxation type behaviour in neural systems is well known to the mathematical and computational neuroscience community, see e.g. \[[@CR5], [@CR11]\], it is not often or consequently used to explain the underlying bifurcation structure in such singularly perturbed systems. This is the focus of Sects. [3](#Sec4){ref-type="sec"}--[6](#Sec9){ref-type="sec"} and we study *singular bifurcations* and their unfoldings in a normal form introduced in Sect. [3.1](#Sec5){ref-type="sec"}.

A closer look at the bifurcation diagram of type II excitability in Fig. [1](#Fig1){ref-type="fig"} reveals that shortly after the Andronov--Hopf bifurcation the amplitude of the bifurcating limit cycles explodes dramatically under a very tiny (an exponentially small) parameter change. This is known as a *canard explosion* \[[@CR14], [@CR15]\] and indicates that the singular perturbation nature of the neural model is also reflected in the bifurcation structure. Note also a similar dramatic change in frequency near this *singular* Andronov--Hopf bifurcation. We will review this (well-known) bifurcation phenomenon in Sect. [4](#Sec6){ref-type="sec"}.

Additional bifurcation structure is necessary to explain the transition from type II to type I excitability. This is covered in Sect. [5](#Sec7){ref-type="sec"} where an *incomplete* canard explosion is identified. This lesser-known phenomenon refers to a premature termination of a canard explosion in a homoclinic bifurcation.

Similarly to the singular Andronov--Hopf bifurcation, one has to expect that the SNIC bifurcation associated with type I excitability shown in Fig. [1](#Fig1){ref-type="fig"} must have a singular nature. We identify a *singular Bogdanov--Takens/SNIC* bifurcation point as the organising centre for type I excitability. Unfolding this type I singular bifurcation structure is the main focus of Sect. [6](#Sec9){ref-type="sec"} which is based on the blow-up method, a desingularisation technique for nilpotent singularities that has been successfully implemented in geometric singular perturbation problems with loss of normal hyperbolicity \[[@CR14]--[@CR16]\].

Finally, we summarise our results in Sect. [7](#Sec12){ref-type="sec"} and discuss its implications for possible numerical observations in slow--fast neural models.

The Setup for Slow--Fast Excitable Systems {#Sec3}
==========================================

We start with introducing basic assumptions on the singularly perturbed system ([3](#Equ3){ref-type=""}), respectively, ([4](#Equ4){ref-type=""}).
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This assumption together with the geometric properties of the two nullclines $\documentclass[12pt]{minimal}
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Remark 2 {#FPar5}
--------

Assumption [3](#FPar4){ref-type="sec"} sets the scene for the transition from an excitable to an oscillatory state. It excludes the possibility of a transition from an oscillatory state to a(nother) steady state (known as depolarisation block in neuroscience), by restricting the parameter space from above. This is not necessary but allows us to focus on the onset of oscillations, not the termination.

Next we look at the reduced problem ([6](#Equ6){ref-type=""}). The corresponding one-dimensional dynamics on the critical manifold *S* projected onto its base coordinate *v* is given by $$\documentclass[12pt]{minimal}
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Assumption 4 {#FPar6}
------------
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On the other hand, an equilibrium from $\documentclass[12pt]{minimal}
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                \begin{document}$F^{-}$\end{document}$, which is necessary to observe a bifurcation from an excitable to an oscillatory state. Assumptions [3](#FPar4){ref-type="sec"} and [4](#FPar6){ref-type="sec"} imply that the reduced flow on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{a}^{-}$\end{document}$ is either towards an equilibrium on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{a}^{-}$\end{document}$ or towards the lower fold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F^{-}$\end{document}$ (see Fig. [2](#Fig2){ref-type="fig"} (right) and Fig. [4](#Fig4){ref-type="fig"}), another essential feature for an excitable/oscillatory system. Fig. 4Singular limit bifurcations at the lower fold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F^{-}$\end{document}$ and their singular limit orbits in system ([1](#Equ1){ref-type=""}) ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{\mathrm {th}}>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I=I_{\mathrm{bif}}=0$\end{document}$). (**a**) (*Type I*) singular saddle-node homoclinic (SNIC) ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c=0$\end{document}$) together with a singular Bogdanov--Takens bifurcation (= singular BT/SNIC); (**b**) singular Andronov--Hopf bifurcation with incomplete family of canard cycles ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< c< c_{\mathrm {sn}}$\end{document}$); (**c**) family of (incomplete) canard cycles and family of singular saddle-node homoclinics of canard type ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c=c_{\mathrm{sn}}$\end{document}$); (**d**) (*Type II*) singular Andronov--Hopf bifurcation and (complete) family of canard cycles ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c>c_{\mathrm{sn}}$\end{document}$)

These basic assumptions hold for many two-dimensional neuronal models including the canonical system ([1](#Equ1){ref-type=""}). This model has a cubic-shaped critical manifold *S* (Assumption [1](#FPar2){ref-type="sec"}). The function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(v)$\end{document}$ is monotonically increasing (Assumption [2](#FPar3){ref-type="sec"}). It is the nonlinear nature of *G* imposed by Assumption [3](#FPar4){ref-type="sec"} that allows us to explore the cases of different numbers of equilibria (restricted to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{a}^{-}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{r}$\end{document}$ only). If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< I_{1}< I_{F^{+}}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{\mathrm{th}}< v^{+}$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I_{F^{+}}$\end{document}$ is defined implicitly by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi _{I_{F^{+}}}(v^{+})=G(v^{+})$\end{document}$, then Assumptions [3](#FPar4){ref-type="sec"} and [4](#FPar6){ref-type="sec"} are fulfilled and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F^{+}$\end{document}$ is a regular jump point for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I\in[I_{0},I_{1}]$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c \in[0,c_{1}]$\end{document}$.

Singular (or Slow--Fast) Bifurcations {#Sec4}
=====================================

Our main task is to identify bifurcation structures in the singularly perturbed system ([4](#Equ4){ref-type=""}) based on *singular* observations, i.e. for $\documentclass[12pt]{minimal}
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Remark 3 {#FPar7}
--------

System ([1](#Equ1){ref-type=""}) models type III excitability if $\documentclass[12pt]{minimal}
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Normal Form Near the Singular Fold Point {#Sec5}
----------------------------------------
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### Proposition 1 {#FPar8}
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### Proof {#FPar9}
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### Remark 4 {#FPar10}

For system ([14](#Equ14){ref-type=""}), the coefficients in the normal form are given by $\documentclass[12pt]{minimal}
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These two local singular bifurcation points are associated with the two different neural excitability types I and II. Note that a Bogdanov--Takens bifurcation is a codimension-2 bifurcation that includes a codimension-1 Andronov--Hopf bifurcation in its unfolding. So, we also expect to find a connection between these two bifurcations as *c* tends to zero.

### Remark 5 {#FPar11}

Although type III neurons are not associated with any bifurcation for fixed current input, these slope detectors play an important role in identifying *dynamic* changes and producing transient responses. We refer to \[[@CR2]\] for details and \[[@CR10]\] where type III neurons and excitability are discussed in the context of GSPT.
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Type II Excitability: Singular Andronov--Hopf Bifurcation and Canard Explosion {#Sec6}
==============================================================================

In the case of type II excitability as shown in Fig. [3](#Fig3){ref-type="fig"}, the stable equilibrium on the lower branch $\documentclass[12pt]{minimal}
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Assumption 5 {#FPar12}
------------
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Applying the normal form transformation outlined in the proof of Proposition [1](#FPar8){ref-type="sec"} reveals that Assumption [5](#FPar12){ref-type="sec"} amounts to imposing $$\documentclass[12pt]{minimal}
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Remark 6 {#FPar13}
--------
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The nature of the singular Andronov--Hopf bifurcation can easily be seen when looking at the trace and the determinant of the Jacobian of system ([3](#Equ3){ref-type=""}) given by $$\documentclass[12pt]{minimal}
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Theorem 1 {#FPar14}
---------

*In system* ([4](#Equ4){ref-type=""}) *under Assumptions*[1](#FPar2){ref-type="sec"}*--*[5](#FPar12){ref-type="sec"}, *assuming the existence of only one equilibrium and for sufficiently smallε*, *a singular Andronov--Hopf bifurcation and a canard explosion occur at*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} I_{h} =& I_{\mathrm{bif}} + H_{1} \varepsilon + O \bigl(\varepsilon ^{3/2}\bigr) \quad\textit{and} \end{aligned}$$ \end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} I_{c} =& I_{\mathrm{bif}} + (H_{1} + K_{1}) \varepsilon + O\bigl(\varepsilon ^{3/2}\bigr). \end{aligned}$$ \end{document}$$*The coefficients*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{1}$\end{document}$*and*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{1}$\end{document}$*and*, *hence*, *the type of singular Andronov--Hopf bifurcation* (*super*- *or subcritical*), *can be calculated explicitly*.

*In fact*, *for the normal form* ([15](#Equ15){ref-type=""}) *given in Proposition *[1](#FPar8){ref-type="sec"}*and under the condition that*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c>0$\end{document}$*is sufficiently large*, *we find with respect to the bifurcation parameterathat*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{\mathrm{bif}}=0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{h} = H_{1a}\varepsilon + O(\varepsilon ^{3/2})$\end{document}$*and*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{c} = (H_{1a}+K_{1a})\varepsilon + O(\varepsilon ^{3/2})$\end{document}$, *with*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ H_{1a} = \frac{c}{2}\sigma,\qquad K_{1a} = - \frac{c}{4} \biggl(\sigma+ \frac{3}{2}\beta c \biggr). $$\end{document}$$*When*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{1a}>0$\end{document}$, *the Hopf bifurcation is supercritical*; *when*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K_{1a}<0$\end{document}$, *it is subcritical*.

Proof {#FPar15}
-----
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Remark 7 {#FPar16}
--------
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Lemma 1 {#FPar17}
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Type I/II Excitability Transition Regime: Incomplete Canard Explosion {#Sec7}
=====================================================================
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Lemma 2 {#FPar18}
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This lemma indicates that the cusp has no singular nature[8](#Fn8){ref-type="fn"} with respect to the limit $\documentclass[12pt]{minimal}
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Remark 8 {#FPar19}
--------
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Theorem 2 {#FPar20}
---------
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-----
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Remark 9 {#FPar22}
--------
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Remark 10 {#FPar23}
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*Incomplete canard explosion and homoclinic saddle loops*. The presence of the saddle $\documentclass[12pt]{minimal}
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We can further rely on the results in \[[@CR20]\], where it is shown that the maps ([26](#Equ26){ref-type=""}) are smooth up to and including (at its extension) the boundary $\documentclass[12pt]{minimal}
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Remark 11 {#FPar24}
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Around the unstable canard cycle (or homoclinic a bit later on), there appears a big relaxation oscillation of canard type. It lies close to the full relaxation oscillation, but travels an $\documentclass[12pt]{minimal}
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                \begin{document}$p_{+}$\end{document}$; see Fig. [7](#Fig7){ref-type="fig"}. The transition from headless heteroclinic canard to heteroclinic canard with head can be seen as a natural continuation of the truncated canard explosion of the canard homoclinics. The proof of the presence of such heteroclinics is completely analogous to above. In particular, no limit cycles are present in this scenario. This proves part (8) and finishes the proof of the theorem. □ Fig. 7Heteroclinic connections of canard type undergo a transition from headless canard to canard with head, from the jump-back canard homoclinic to the jump-away canard homoclinic

Termination of Homoclinic Saddle Loops: SNICs {#Sec8}
---------------------------------------------

In the canonical form ([1](#Equ1){ref-type=""}), the singular Andronov--Hopf curve intersects the saddle-node bifurcation curve along which the saddle $\documentclass[12pt]{minimal}
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The SN-curve perturbs regularly for positive values of *ε* to a curve $\documentclass[12pt]{minimal}
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                \begin{document}$c = c_{\mathrm{sn}}(a,\varepsilon )$\end{document}$. Observe that the part of the AH curve between the origin and this codimension-2 bifurcation point perturbs to a wedge of canard curves, corresponding to the incomplete canard explosion discussed in Theorem [2](#FPar20){ref-type="sec"}.

As in the case of the saddle homoclinics, denote by $\documentclass[12pt]{minimal}
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                \begin{document}$F(x_{S}^{+},\varepsilon ,a,c_{\mathrm{sn}}(a,\varepsilon ))$\end{document}$, like in ([26](#Equ26){ref-type=""}) but where we made the dependence of *c* explicit. Therefore, solving $\documentclass[12pt]{minimal}
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                \begin{document}$a=\sqrt{\varepsilon }A$\end{document}$) allows us to prove the presence of saddle-node homoclinics of ('jump-back') canard type.

As before, replacing the section *S* with the alternative $\documentclass[12pt]{minimal}
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                \begin{document}$x_{S}$\end{document}$, we clearly see that the homoclinic loop curves (of jump-back and jump-away type) terminate at corresponding saddle-node homoclinic at the saddle-node bifurcation curve.

The exponential wedge on the SN-curve between the two terminal points are terminal points of SNIC canard curves that correspond to heteroclinic canards as shown in Fig. [7](#Fig7){ref-type="fig"}. Visually, it is clear how in Fig. [7](#Fig7){ref-type="fig"}, a heteroclinic connection tends towards a SNIC as *n* and $\documentclass[12pt]{minimal}
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                \begin{document}$p_{+}$\end{document}$ approach each other in a SN bifurcation. The method of proof is similar to the one exposed before.

### Remark 12 {#FPar25}
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                \begin{document}$c_{\mathrm{sn}}^{-}< c< c_{\mathrm{cusp}}$\end{document}$ fixed, the second SN-bifurcation is located ahead of the singular (subcritical) AH-bifurcation and we observe a complete canard explosion (including a SNPO bifurcation of canard cycles).
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Figure [8](#Fig8){ref-type="fig"} summarises all our observations for $\documentclass[12pt]{minimal}
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                \begin{document}$0<\varepsilon \ll1$\end{document}$: cusp bifurcation and *SN* branches (*black*); *Bautin* bifurcation point (*red*) with Andronov--Hopf branches (sub = *dashed*/super = *solid*); and saddle-node of periodic orbit (*SNPO*) branch (*green*); small and large homoclinic ($\documentclass[12pt]{minimal}
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Type I Excitability: Singular Bogdanov--Takens/SNIC Bifurcation {#Sec9}
===============================================================

In this section, we discuss the origin $\documentclass[12pt]{minimal}
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                \begin{document}$(a,c)=(0,0)$\end{document}$ which represents a local singular Bogdanov--Takens and a global singular SNIC bifurcation point; see Fig. [5](#Fig5){ref-type="fig"}. Let us first formulate general conditions under which the origin in the $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{G}$\end{document}$ defined in ([18](#Equ18){ref-type=""}). This condition is typically violated in 1-parameter families. For SNIC bifurcations to appear with a saddle-node near the fold point $\documentclass[12pt]{minimal}
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Assumption 6 {#FPar26}
------------
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                \begin{document}$F^{-} = (w^{-},v^{-})$\end{document}$ is a singular contact point that undergoes a singular Bogdanov--Takens bifurcation with respect to the parameters $\documentclass[12pt]{minimal}
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                \begin{document}$(I,\lambda)=(I_{\mathrm{bif}},\lambda_{\mathrm{bif}})$\end{document}$. More precisely, we impose (on top of Assumptions [1](#FPar2){ref-type="sec"}--[4](#FPar6){ref-type="sec"}): $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{gathered} \begin{aligned} \mathcal{G}\bigl(v^{-},I_{\mathrm{bif}},\lambda_{\mathrm{bif}}\bigr) &= 0,\\ \frac{\partial\mathcal{G}}{\partial v}\bigl(v^{-},I_{\mathrm{bif}},\lambda _{\mathrm{bif}} \bigr) &= 0,\qquad \frac{\partial^{2} \mathcal{G}}{\partial v^{2}}\bigl(v^{-},I_{\mathrm{bif}},\lambda _{\mathrm{bif}}\bigr) > 0, \end{aligned} \end{gathered}$$ \end{document}$$$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F^{-}$\end{document}$ occurring in this bifurcation, there are no other singular points on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{a}^{-}$\end{document}$.

Conditions ([27](#Equ27){ref-type=""}) imply that the fold point $\documentclass[12pt]{minimal}
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                \begin{document}$F^{-}$\end{document}$ is a local codimension-2 singular point. Conditions ([28](#Equ28){ref-type=""}) imply that a complete unfolding of the singularity is obtained upon varying $\documentclass[12pt]{minimal}
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                \begin{document}$$\det\frac{\partial(\mathcal{G},\mathcal{G}_{v})}{\partial(I,\lambda )}\bigl(v^{-},I_{\mathrm{bif}},\lambda_{\mathrm{bif}}\bigr) \neq0 $$\end{document}$$ where $\documentclass[12pt]{minimal}
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Remark 13 {#FPar27}
---------

It can be seen that conditions ([27](#Equ27){ref-type=""}) and ([28](#Equ28){ref-type=""}) imply the following conditions on the normal form ([15](#Equ15){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} (a,c)\vert _{(I,\lambda)} =&(I_{\mathrm{bif}},\lambda_{\mathrm{bif}})=(0,0), \qquad\sigma= +1, \\ \frac{\partial a}{\partial I} \neq&0, \qquad \frac{\partial a}{\partial \lambda} = 0,\qquad \frac{\partial c}{\partial\lambda}\neq0, \end{aligned}$$ \end{document}$$ which are verified on the canonical model ([1](#Equ1){ref-type=""}).

Under these conditions it is well known that in *ε*-dependent rescaled coordinates, a regular Bogdanov--Takens bifurcation takes place; see \[[@CR16]\]. As a consequence, the presence of small-amplitude homoclinics is clear in some parameter subset. Furthermore, as (singular) Andronov--Hopf bifurcations form part of the bifurcation diagram, canard-type orbits are present. Indeed, the double singularity in the slow dynamics at $\documentclass[12pt]{minimal}
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                \begin{document}$x=0$\end{document}$ may unfold in a way that the fold point becomes a canard point and an extra saddle-singularity in the slow dynamics on the middle branch may appear. In that way, an incomplete canard explosion can be observed that terminates in a canard-type saddle homoclinic ('jump-back', without 'head'). In fact, these are phenomena that appear locally near the Bogdanov--Takens fold point.

Besides the small-amplitude phenomena near the Bogdanov--Takens point, we consider orbits that are close to the singular saddle-node homoclinic loop *Γ* shown in Fig. [4](#Fig4){ref-type="fig"}. We expect the existence of large-amplitude saddle-node homoclinics (SNICs) and as in the previous section, we also expect large-amplitude saddle homoclinics as well as relaxation oscillations.

In order to get a hold on the parameters close to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c=0$\end{document}$, we rescale the parameters and introduce $$\documentclass[12pt]{minimal}
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                \begin{document}$a=O(\varepsilon ^{2})$\end{document}$. After the parameter rescaling ([29](#Equ29){ref-type=""}), we study the system $$\documentclass[12pt]{minimal}
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Blow-up of the Singular Fold {#Sec10}
----------------------------
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Local and Global Codimension-2 Bifurcations {#Sec11}
-------------------------------------------

System ([33](#Equ33){ref-type=""}) describes the flow in the interior of the sphere as shown in, e.g., Fig. [9](#Fig9){ref-type="fig"}, and it can be analysed by means of classic bifurcation analysis. Together with the information obtained from the global return mechanism, we are able to describe all observed local and global bifurcations in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(A,C)$\end{document}$ parameter space.

*Bogdanov--Takens bifurcation*.

### Lemma 3 {#FPar28}
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### Proof {#FPar29}

There are two singular points on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X=Y^{2}$\end{document}$, located at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y=Y_{\pm} := \frac{1}{2}(C \pm\sqrt{C^{2}-4A})$\end{document}$. The singularity at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y=Y_{+}$\end{document}$, denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{+}$\end{document}$, is always a saddle. The singularity at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y=Y_{-}$\end{document}$, denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{-}$\end{document}$ is of focus/node type for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C>1$\end{document}$ and undergoes a change in the sign of the trace along $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{h}=-\frac{1}{4}+\frac{1}{2}C$\end{document}$, which indicates an Andronov--Hopf bifurcation. Along this parameter line, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{-}$\end{document}$ is weakly unstable; a basic calculation shows that the first Lyapunov coefficient is positive. Hence the Andronov--Hopf bifurcation is subcritical.

The two singular points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{+}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{-}$\end{document}$ collide along $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{\mathrm{sn}}^{+}=C^{2}/4$\end{document}$ indicating a saddle-node bifurcation at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p_{\pm}$\end{document}$. □

### Remark 14 {#FPar30}

Let us mention, without proof, that the homoclinic saddle-loop bifurcation curve ($\documentclass[12pt]{minimal}
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### Proof {#FPar32}

The proof uses basics from planar theory of vector fields (e.g. invariant curves, isoclines, positive invariant sets). It requires some computations, but as it concerns basic properties we have left the details for the reader.
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### Theorem 3 {#FPar33}
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### Proof {#FPar34}

Restrict to the saddle-node surface. Let $\documentclass[12pt]{minimal}
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*Resonant homoclinic bifurcation*.
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Let us finally prove the regular breaking property, with a Melnikov-like approach that is adapted to planar dynamics; see \[[@CR19]\]. Denoting $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar37}
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### Proof {#FPar38}

The presence of the homoclinic surface follows from a reasoning completely analogous to the one in the proof of Theorem [3](#FPar33){ref-type="sec"}. The change of stability is simply an eigenvalue computation: the equation $\documentclass[12pt]{minimal}
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The emergence of an SNPO branch from the resonant saddle homoclinic is standard (see \[[@CR24]\]), and based on three features: (i) the ratio of eigenvalues is perturbed regularly upon variation of a parameter (*C*), (ii) the separatrix connection breaks regularly upon variation of another parameter (*A*), and (iii) the divergence integral along the homoclinic loop is nonzero. Properties (i) and (ii) follow directly from the singular limit analysis in Proposition [3](#FPar35){ref-type="sec"}. Property (iii) follows from the slow--fast nature of the global return mechanism: the divergence integral computation is dominated by the passages along the slow branches $\documentclass[12pt]{minimal}
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Figure [10](#Fig10){ref-type="fig"} summarises all observed codimension-2 bifurcations and the bifurcating codimension-1 branches.

### Remark 15 {#FPar39}

There are no additional bifurcations (proof omitted).

### Remark 16 {#FPar40}
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                \begin{document}$(a,c)=(\frac{1}{16},\frac{1}{2})$\end{document}$, using a family blow-up, in order to uniformly separate the saddle from the node. The technical issues involved in such a construction go beyond the scope of what we intend to expose in this paper.

### Remark 17 {#FPar41}

The bifurcation curves AH, SNPO, $\documentclass[12pt]{minimal}
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                \begin{document}$(x,y,\varepsilon ,a,c)=(0,0,0,0,0)$\end{document}$. Again, the technicalities involved in such a construction go beyond the scope of what we intend to expose in this paper.

Discussion {#Sec12}
==========

Excitability is an important subject area in neuroscience and its modern treatment dates back to Alan Hodgkin's seminal work \[[@CR1]\]. His distinction of three neural excitability classes based on injected steps of currents and observed corresponding distinct frequency--current (f--I) curves still forms the basis in understanding bifurcation mechanisms of neural excitability. FitzHugh was the first to use dynamical systems techniques for the qualitative description of action potential generation and threshold phenomena \[[@CR7], [@CR8], [@CR25]\]. Rinzel and Ermentrout \[[@CR3], [@CR4]\] provided then a mathematical framework based on bifurcation theory to distinguish between these excitability types: SNIC bifurcation for type I and Andronov--Hopf bifurcation for type II.

This dynamical systems approach pioneered by Rinzel and Ermentrout is also used to explain more complicated neural activity such as bursting patterns. Here, the inherent multiple time-scale structure of neural models given through inherent slow and fast cell membrane processes is actively used to explain the bursting pattern. The bifurcation structure found in the fast subsystem provides a possible key to understanding the genesis of bursting patterns; see, e.g., \[[@CR5]\]. Interestingly enough, the spiking pattern itself within a burst is also often a result of a multiple time-scale structure. This relaxation type behaviour is typically ignored in the bursting literature, because it would mean to consider models with (at least) three time scales---fast, intermediate and slow---which has become only recently a new research focus \[[@CR26]--[@CR28]\].

On the other hand, the literature on neural excitability (see, e.g. \[[@CR5]\]) clearly uses slow--fast decomposition to explain action potential generation for tonic spiking models, although the accompanying bifurcation analysis of such a system often ignores or just inconsequently uses the given slow/fast structure. This article actively explores the singular nature of (two-dimensional) neural models and identifies a *novel* singular bifurcation based on the slow--fast structure---the *singular Bogdanov--Takens/SNIC* bifurcation---that is key to understanding type I and (part of) type II excitability. Using readily available tools and results from geometric singular perturbation theory \[[@CR14]--[@CR16], [@CR19]--[@CR22]\] and bifurcation theory \[[@CR17], [@CR24]\] we are able to unfold this singular bifurcation and identify important codimension-2 bifurcation points---Bautin, Bogdanov--Takens, resonant homoclinic and saddle-node homoclinic---which organise the bifurcation landscape for $\documentclass[12pt]{minimal}
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                \begin{document}$\varepsilon >0$\end{document}$ and help to explain the transitions between type I and type II excitability. For example, based on the position of the Bautin point in parameter space we identify a supercritical Andronov--Hopf bifurcation as a clear indicator of type II excitability while a subcritical Andronov--Hopf bifurcation does not necessarily guarantee a frequency band (significantly) bounded away from zero, i.e. the model could be close to type I and thus close to a homoclinic. Another important indicator for this proximity to type I is the cusp bifurcation and its corresponding saddle-node branches. Within the cusp region there are three equilibria including a saddle which is necessary to form a homoclinic loop. In this type I--II transition regime, properties of model neurons that are considered type II might show behaviour usually associated with type I and vice versa. Care has to be taken when inferring properties from such a simple excitability classification; see also \[[@CR5]\], where many of these bifurcations and observations have been highlighted.

Our analytical bifurcation results provide important information for the computational neuroscience community. We show that a SNIC bifurcation associated with type I excitability only exists in a small parameter regime. Thus it is more likely to observe a (large) saddle homoclinic in one parameter continuation of neural models, although it might be very close to a saddle-node and, hence, be mistaken for a SNIC. Similarly, if one observes a subcritical Andronov--Hopf bifurcation close to a saddle-node, especially where the corresponding periodic orbits terminate nearby in a (small) homoclinic, then the other observed (large) homoclinic that terminates close to a saddle-node cannot be a SNIC.

A main obstacle in a numerical bifurcation analysis is not only the stiffness of the underlying problem but also the close proximity of different bifurcation branches. Our analytical bifurcation results should be seen as a helpful guide for numerical continuation. For example, the numerical bifurcation diagrams presented, e.g., for the Morris--Lecar neural model in \[[@CR29]\], Fig. 6, or for a 2D sodium spiking model in \[[@CR30]\], Figs. 1--2, are incomplete since the exponentially close branches $\documentclass[12pt]{minimal}
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                \begin{document}$\mathrm{HOM}_{\ell}$\end{document}$, SNPO and SNIC (Fig. [8](#Fig8){ref-type="fig"}) are hard to distinguish numerically and the identification of certain codimension-2 points (Fig. [10](#Fig10){ref-type="fig"})---Bogdanov--Takens, resonant $\documentclass[12pt]{minimal}
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This is a condition on the position of possible equilibrium states in this model.

For example, it allows Assumption [1](#FPar2){ref-type="sec"} (page 5) to be formulated independently of *λ*.

This first condition in ([12](#Equ12){ref-type=""}) is in fact already a consequence from condition ([10](#Equ10){ref-type=""}) together with ([8](#Equ8){ref-type=""}).

With a slight abuse of notation we denote the new time derivative also by a prime.

This remark applies for all manipulations of the system in this proof.

In the canonical model ([1](#Equ1){ref-type=""}), the *v*-coordinate of the fold does not depend on *I*.

Note that the cusp is not a 'singular' bifurcation since it persists in the singular limit as a bifurcation of the reduced problem, i.e. the cusp forms a regular bifurcation structure within this singularly perturbed system.

The cusp forms a regular bifurcation structure within this singularly perturbed system.

We refer to it as a singular Bogdanov--Takens point.

We refrain from writing the subindex 2 on $\documentclass[12pt]{minimal}
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                \begin{document}$V = -\frac {(2C-1)^{2}}{32}X^{-1/2} + O(X^{-1})$\end{document}$ along this separatrix.
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